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uring the bear stock market of the last few years institutional investors as well as high net worth individual investors have found a new source of returns in alternative investment strategies. A rough comparison illustrates the difference in performance between traditional and alternative investments: over the period January 2000 to December 2003, the MSCI World Index lost on average 5.9% per year, while the CSFB-Tremont hedge fund index gained on average 6.8% per year, with much lower volatility. Despite some high-profile losses, investors are committing more assets to the alternative investment industry. According to TASS Research, 2003 was a record-breaking year for the alternative investment industry, the net flow into hedge funds being estimated at 60 billion USD. The same source estimates that hedge fund assets currently total between 725 and 750 billion USD worldwide.
Portfolio optimization within a large universe of hedge funds has become a key area for academic research. This article develops a portfolio construction model that is specifically designed for investors in hedge funds, incorporating specific controls for data reliability issues and operational limitations. In terms of data, the fact that hedge funds report to commercial database providers on a voluntary basis creates a number of sampling issues. First, even if one combines the largest commercial databases available, 1 there is no indication of the size of the population of hedge funds and the degree to which the reporting funds are representative of this population. Beyond the small sample bias, the databases comprise performance estimates rather than liquid market prices and this generates both autocorrelation and a significant amount of noise in the data. Regarding the operational limitations, short sales are not possible, there are minimum investment limits, long lock-up periods, and advance notice, regular subscriptions/redemption as rare as once per year, and sales and early redemption fees.
Given the special features of hedge funds, portfolio management tools that were developed for traditional investments, being heavily reliant on the existence of liquid markets and efficient prices, need refining. High-quality data is an essential ingredient for any portfolio optimization model but this is not likely to be achieved for hedge funds in the near future. We use one of the three largest databases, with both dead and alive funds to diminish the impact of survivorship bias. We account for the instant history bias through the use of dummy variables in factor models and report performance on a relative basis, benchmarked against portfolios that are affected by the same biases. Operational limitations are addressed by imposing constraints on the optimization and by including an estimate of annual turnover as a key diagnostic of the portfolio's performance.
Traditional portfolio optimization models require forecasts of the portfolio expected returns and/or an estimate of their covariance Draft matrix. Often expected returns are estimated using a factor model, but given the highly dynamic and heterogeneous styles used in alternative investments, the non-uniqueness of the factor model representation is one of the most important problems to address when optimizing portfolios of hedge funds. Amenc and Martellini [2003a] show that different factor models can generate very different estimates of a hedge fund's alpha and consequently argue that the hedge fund industry should promote its diversification potential rather than its very uncertain alpha benefits.
In this article we show that, while estimates of a fund's alpha do indeed vary widely according to the factor model used, there is still valuable information contained in the alpha estimate. First we use four different factor models to estimate the alpha of individual hedge funds: our "base case" model is the simplest representation of the fund returns as a function of the two most important underlying asset classes, equities and bonds; the "broad fundamental" factor model employs several indices to capture the performance of the main asset classes, and other factors representing specific types of non-linear strategies such as market timing, volatility trading, and equilibrium trading; the "multi-factor" model is based on hedge fund indices; and finally the "statistical" factor model is based on factors extracted from fund returns through principal component analysis. Then, for each of these four factor models, our hedge fund selection process is determined only by the rank of the fund's alpha and not by the actual value of its estimated alpha. We find significant agreement on the ranking of funds based on their estimated alphas from different factor models. Thus there is considerable scope for optimal hedge fund investment models where funds are selected according to their "rank alpha."
In contrast to other research on incorporating the uncertainty about parameter estimates into optimal portfolios, we require neither assumptions about investors' preferences nor subjective views on expected returns and/or managerial skill. 2 We deal with the uncertainty in alpha estimates by using classic minimum-variance optimization, which is based solely on the funds' covariance matrix. Having considered several methods of linking allocations to the ordinal rank of the fund's alpha estimate we find that the best out-of-sample performance is obtained by a simple "in-out" ranking of the funds, according to whether the alpha estimate is above a predetermined threshold, followed by minimum variance optimization.
Given the reporting practices of hedge funds, there is a high degree of randomness in the sample covariance matrix, which is likely to distort our minimum variance optimization. Some authors advocate "cleaning" the covariance matrix by imposing some factor structure before using it in the portfolio optimization. However, portfolio weight constraints are essential for hedge funds investing and as the sampling errors appear to already be significantly reduced through the weights' constraining we have found no further benefit from imposing a factor structure on the correlation matrix.
HEDGE FUND DATA AND BIASES
Hedge fund data are subject to several measurement biases caused by the data collection process and by the nature of the industry: survivorship bias, when a database does not include the performance of funds that ceased operating during the sample period; selection or self-reporting bias, when the hedge funds in the database are not representative of the population of hedge funds; instant history bias, when the funds entering the database are allowed to back-fill their results; and multi-period sampling bias, when the analysis is restricted to funds having a minimum amount of history available. Fung and Hsieh [2000] provide an extensive analysis of biases in the TASS hedge fund database. They estimate a survivorship bias of approximately 3% per annum. Regarding the instant history bias they found an average incubation (back-filled) period of one year with an associated bias of 1.4% p.a., while the multi-period sampling bias was negligible.
Our fund data comes from the Hedge Fund Research (HFR) dead and alive funds databases, from which we select the period January 1990 to May 2003. We restrict our analysis to U.S. domiciled funds reporting net of all fees in USD, having funds under management above 10 million USD and not using leverage. Additionally, to minimize the sample bias of alpha estimates, we require that each fund has at least five years of reporting history. After imposing these selection criteria our database comprises 282 funds. 3 The representation of To determine the impact of the instant history bias in our database, for each fund we examine the difference between the monthly average of the excess return (over S&P 500) in the first year and the monthly average of the excess return in the first five years. The difference is equivalent to 3.97% and the standard deviation of the difference is 1.01% p.a., so there is a clear "first year" bias in the reported fund performance. In order to eliminate the instant history bias on alpha we use dummy variables for the first year of reporting in all factor models. The esti-Draft mated multi-period bias is negligible, at -0.33% p.a.. Selection and survivorship biases are addressed by including "dead" funds that have sufficiently long reporting history. But this is not still sufficient to ensure that the portfolio performance is identical to the experience of an investor in these funds, because there is no information on the performance of individual funds after having ceased reporting. Statistics show that some funds stopped reporting to HFR because of extraordinarily good performance but some also because of negative performance. If some funds were liquidated, their investors probably recovered only part of the net asset value last reported. To deal with all these potential biases, we present all performance results on a relative basis, benchmarked against the equally weighted index of all funds in our sample. The relative performance can be interpreted as bias-free since both the portfolios and their benchmark are affected by the same biases.
FACTOR MODELS FOR HEDGE FUNDS
Assuming that investors are only willing to reward managers for superior performance that cannot be easily replicated, a fund's return may be decomposed into the part explained by a factor model, which can be replicated by standard asset baskets and common trading strategies, and the factor model alpha and residual behavior which are attributed to the fund manager's skill. Various fundamental and statistical multi-factor models for hedge funds have been analyzed by Fung and Hsieh [1997, 2001] , Schneeweis and Spurgin [1998, 2000] , Liang [2001] , Agarwal and Naik [2000, 2004] , Edwards and Caglayan [2001] , Mitchell and Pulvino [2001] , and Lhabitant [2001] , among others. The wide range of models developed and the fact that no single model dominates the others is explained by the large diversity of the strategies employed by hedge funds and their highly dynamic nature.
The general factor model representation is:
where r it is the net of fees excess return on fund i during month t; α i is the risk-adjusted performance, i.e., the "alpha" of fund i over the estimation sample; F kt is the excess return on the k th risk factor over the month t; 4 β ik is the loading of the fund i on k th factor, i.e., the sensitivity of the fund i to the factor k over the estimation sample; and ε it is the error term. Since there is no consensus on the best model, we estimate four factor models:
• The "base case" model that only has two factors, U.S. equities (Wilshire 5000 index) and bonds (Lehman Government/Credit Intermediate index). Asness, Krail, and Liew [2001] show that hedge funds may have more market exposure than one expects due to stale prices or illiquidity of the securities they trade, so, following Dimson's [1979] arguments, we also include the lagged equity index excess returns as a factor. Treynor and Mazuy [1966] , squared market returns can proxy for market timing abilities. Additionally, we include two factors capturing specific non-linear trading strategies: the prices' dispersion as a leading indicator of equilibrium trading strategies (Alexander and Dimitriu [2005] ) and the change in the equity implied volatility index (VIX) to account for volatility trades (Schneeweis and Spurgin [1998] ). • The HFR model having the HFR indices as factors.
Since they represent portfolios with non-linear exposures to traditional asset classes, this model should explain the returns on individual funds better than the two factor models above (Lhabitant [2001] ). We do not reconstruct the indices from the funds in our sub-sample: the HFR indices are a better choice as factors since they are more representative of the entire population of funds and are also investable.
• The PCA factor model uses as factors investable portfolios replicating the first four orthogonal com-
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ponents from principal components analysis (PCA) of the system of all funds' returns. The intuition behind statistical factor analysis is that if a group of funds use similar strategies in the same markets, their returns should be correlated. Through PCA, the major common styles can be extracted from fund returns. We use four principal component factors, and the portfolios replicating these are denoted by PC1 to PC4. 5 The PC1 portfolio is well diversified across all strategies (with particular emphasis on funds of funds and equity funds because most funds are of these types) and, capturing the common trend in fund returns, PC1 has very similar behavior to an equally-weighted index of all funds, to which it is also highly correlated. The PC2 portfolio is clearly dominated by managed futures, which stand out as an investment style with returns uncorrelated to the common trend but still representative of a significant part of the hedge fund population. PC3 comprises mainly equity market neutral and funds of funds, while in PC4 there are technology funds and again equity market neutral funds. Fung and Hsieh [1997] show that the first principal component is explained to a large extent by a linear representation of the traditional asset classes, but this is not the case for the other principal components. Indeed, we find that the first principal component has strong linear relationships with our broad fundamental factors (R 2 = 0.79) and hedge fund indices (R 2 = 0.89), while the other three principal components have no obvious significant linear relationship with fundamental factors (maximum R 2 = 0.20), and a rather weak one with the hedge fund indices (maximum R 2 = 0.35). This provides clear evidence that the portfolios replicating the higher principal components are in fact capturing dynamic trading strategies and derivatives, as well as style switching.
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MODEL ESTIMATION
Each of the four models was estimated by least square regressions over the period January 1990 to May 2003 on each of the 282 fund returns in excess of the three-month U.S. T-bill rate. For each fund we used the entire data sample available: some funds entered the database after January 1990 or ceased reporting before May 2003. To select the significant factors for each fund, a backward stepwise regression method was applied: starting with the most complete model which passed a multicollinearity filter, 7 one-by-one the non-significant factors were removed until a parsimonious model was obtained. The results of estimating the four factor models in this way are grouped for presentation, combining results for all funds within the same HFR strategy type. The cells in Exhibits 1 to 4 report two figures: the average coefficient estimate over all funds in that strategy (above) and the percentage of these funds for which the coefficient was statistically significant at 10% (below). The coefficient 
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Draft standard errors were computed using the Newey-West [1987] heteroscedasticity and autocorrelation consistent covariance matrix. On average, the base case model explains only 27% of the total variance of fund excess returns (Exhibit 1). This is mainly due to the diverse dynamic strategies employed in the alternative investment industry which induce non-linear exposures to traditional asset classes. Still, 80% of funds are significantly correlated with the Wilshire 5000 excess returns (average beta = 0.3). Illiquidity is also important, since for 38% of funds the lagged Wilshire excess returns are significant determinants. However, bond index returns are significant for only 20% of funds. The average alpha is insignificant for approximately half the funds, being positive and significant for 48% of funds, and negative and significant for only three out of 282 funds.
The broad fundamental model (Exhibit 2) includes a total of 17 factors but the average number of significant factors for an individual fund was only 2.5. Nevertheless, the average R 2 across all funds was 36%, a considerable increase from the base case model. The broad fundamental model better explained the returns of funds in the following classes: emerging markets, equity hedge and nonhedge, event driven, convertible bonds, financial and technology sectors. However, the returns for some fixed income, macro, and relative value funds were not well modeled by this approach. The most significant factor, determining the excess returns of 38% of the funds is the small-cap S&P index which influences funds trading on distressed securities, equity hedge and non-hedge, event driven, funds of funds, and technology. Additionally, the squared returns of the small cap S&P index are significant in 40% of models, indicating use of leverage and market timing abilities. The other equity style indices are only significant in 6%-10% of the funds. Another important factor is the Lehman High Yield index (for convertible arbitrage, distressed securities, event driven, managed futures, merger arbitrage, and funds of funds, as well as equity hedge and non-hedge funds, the latter two having a negative average beta) and its squared excess returns (highly significant and positive for funds in distressed securities, equity non-hedge, and managed futures, and significant but negative for convertible arbitrage, equity hedge, funds of funds, market timing, and technology funds). The MSCI emerging markets index was significant for 20% of the funds: in addition to the funds primarily trading in emerging markets and funds of funds investing in these, distressed securities, equity hedge and non-hedge, event Draft driven, and technology funds all have significant exposure to emerging markets. The GS commodity index is a significant factor for emerging markets, event driven, funds of funds, equity hedge and non-hedge, and, as expected, managed futures. While the broad equity market indices and the Fed trade weighted forex index are generally less significant than other factors, the change in S&P 500 implied volatility and the Dow Jones price dispersion index are among the most significant factors. Each of these factors has positive coefficients and is significant for almost 30% of funds. The first-year reporting dummy confirmed a significant positive bias for most strategies. Alpha was most significant for emerging markets and financial sector funds and also for convertible arbitrage, relative value, and short-selling, but for these a high alpha could just result from the lower explanatory power of the model. The results of estimating the HFR factor model are presented in Exhibit 3. The model explains an overall average of 46% of the variance in fund excess returns (ranging from 37% for equity market neutral funds, to over 60% for equity non-hedge funds, event driven, funds of funds, and technology funds). Clearly there are systematic factors, beyond the ones included in the fundamental factor model that are captured by these HFR style indices. Each fund's excess returns tend to be determined by the relevant index for their self-stated strategy, indicating no large errors in the HFR classification. At an individual fund level, 17% of funds (equity non-hedge and event driven, mainly) have negative and significant alphas, while only 11% of funds have positive and significant alpha (mostly from emerging markets, fixed income, market timing, and managed futures).
The estimation results for the PCA factor model are presented in Exhibit 4. The only strategies with positive and significant alphas are convertible arbitrage and merger arbitrage, but they also have a low average R 2 , so the abnormal return could be due to omitted risk factors. The average R 2 across all strategies is 39%, greater than for the fundamental factor model but less than the HFR model. The strategies with the highest R 2 are the equity hedge and non-hedge, funds of funds, and technology funds, as expected since the database is dominated by these types of funds. The PC1 portfolio is a significant factor for 79% of funds, PC2 portfolio for 39% funds, PC3 for 44% funds, and PC4 is significant for 29% of funds. All strategies, except for managed futures have positive average betas on the PC1 portfolio. Also, most strategies have positive betas on the PC2 portfolio and negative betas on PC3 portfolio.
RANK ALPHA
Substantial differences in alphas estimated from the four factors models have been identified in Exhibits 1-4. For the "average fund," 8 the two index model estimated an alpha of 0.69% per month (highly significant and is equivalent to 8.5% per annum). The "average fund" has an alpha of 5.1% in annual terms according to the broad fundamental model, but a negative alpha (though not statistically significant) according the HFR model, and significantly negative according the PCA model. Despite this, we find significant agreement on the sign of alpha from different models, and on the rank of a funds' alpha. Of the funds having at least one positive alpha estimate, in 30% of cases there is perfect agreement between all models in terms of alpha's sign. The largest difference in ranks of alpha estimates arose between the base case and the PCA models (rank correlation = 0.19), the most similar rank alphas were from the base case and the broad fundamental models (rank correlation = 0.68), and the other rank correlations were all between 0.31 and 0.45. Hence the factor models tend to agree on the sign of alpha and on the alpha ranking of funds, despite the fact that the range of alpha estimates produced by them is wide. Interestingly, this feature has also been found in the TASS hedge fund database by Amenc and Martellini [2003a] .
In summary, there is a significant disagreement between the factor models on the "average fund" alpha, ranging from -2.5% to 8.5% per annum, and the dispersion of alpha estimates is even higher at the level of individual funds. This leads us to conclude that funds of hedge funds that rely on the accuracy of alpha estimates cannot be implemented without significant model risk. However, some agreement can be achieved on the sign and the ranking of alpha for individual funds and there is considerable scope for more flexible models based precisely on ranking alpha.
OPTIMIZING FUNDS OF HEDGE FUNDS
Optimizers are well known to be error enhancers (Michaud [1989] ), so the quality of the data is essential. Since this is not likely to be achieved with hedge funds in the near future one can only aim for a better solution than naïve diversification. Therefore we begin by testing the benefits of naïve diversification through simulation, randomly drawing without replacement 5, 10, and up to 80 funds in multiples of 5 from our database and independently forming equally weighted portfolios having no Draft style consideration. For each size of portfolio we repeat the experiment 1,000 times, and estimate the first four moments of the fund of funds portfolio returns distributions for each portfolio size. Our results indicate that diversification across all strategies works well, with most of the diversification benefits obtained at around 30 funds in the portfolio. Practitioner standards also appear to favor portfolios of at least 20 to 30 funds so in the following our portfolios will include a number of funds in this range.
Assuming investors have quadratic preferences, the classical portfolio theory of Markowitz [1952] requires knowledge of the first two moments of the returns distribution. Estimating expected returns has been shown to be a difficult task even for traditional asset classes (Merton [1980] ; Jorion [1985] ), and this can be a main reason why mean-variance efficient portfolios perform poorly out-of-sample (Frost and Savarino [1986, 1988] ; Jorion [1986] ; Michaud [1989] ; Best and Grauer [1991] ). Accurate estimates of expected returns are even more difficult to obtain for alternative investments, as shown in the previous section. On the mean-variance efficient frontier the only portfolio that does not require estimates of expected returns is the minimum variance portfolio, so in the hedge funds world this is a natural choice.
CLEANING THE COVARIANCE MATRIX
When no restrictions are imposed, the minimum variance portfolio weights are given by:
where Σ is the covariance matrix of the fund returns and 1 is a vector of ones. If restrictions are imposed on weights, the solution can be obtained numerically. Since the covariance matrix of fund returns is the only input required in Draft the model, the results will strongly depend on its accuracy. Given that the number of funds in our sample is much larger than the number of data points, we are concerned with the estimation risk in the sample covariance matrix. Indeed, a large part of the information content of the empirical correlation matrix is driven by randomness. We found that the "true" correlation structure is captured by the first four eigenvalues, while the rest can be ascribed to noise and measurement errors. Since the presence of such noise is likely to perturb the minimum variance optimization, its reduction is essential. Several other solutions have been offered, including imposing a factor structure (e.g., Sharpe [1963] ; Chan, Karceski, and Lakonishok [1999] ), the use of an optimal shrinkage towards the mean or the single factor model (Jorion [1985 (Jorion [ , 1986 ; Ledoit and Wolf [2003] ), and the introduction of portfolio constraints (Jagannathan and Ma [2003] ). Following Plerou et al. [2002] for traditional assets, and Amenc and Martellini [2002, 2003b] for alternative investments, we reconstruct the empirical correlation matrix using only the eigenvalues that deviate from those of a random correlation matrix. We therefore construct the "cleaned" correlation matrix as:
where Λ c is the diagonal matrix of the ordered eigenvalues of the correlation matrix of fund returns with all but the first four eigenvalues replaced by zeros, and W is the matrix of eigenvectors. The diagonal elements of C are set equal to one, and then the "cleaned" covariance matrix is V = DCD, where D is the diagonal matrix of standard deviations of each fund returns. In order to test the efficiency of the "noise cleaning"process, we compared, out-of-sample, the variances of minimum variance portfolios constructed from 1) the empirical covariance matrix and 2) the "cleaned"covariance matrix. We constructed 1,000 portfolios, each with 25 randomly selected funds, and optimized them based on both the "cleaned" and the sample covariance matrices to achieve minimum variance. For estimating the covariance matrices we used a rolling sample of 60 months. The first portfolios were constructed in January 1998 and rebalanced every six months until January 2003. Between two rebalancing moments, the portfolios are left unmanaged and their out-of-sample performance monitored in order to determine the out-of-sample variance. Exhibit 5 summarizes these results: when no constraints are imposed on the portfolio weights the out-of-sample variance of
the portfolio constructed on the "cleaned" covariance matrix is smaller than that based on the sample covariance matrix, indicating the effectiveness of the noise cleaning process. However, no short sales are allowed in a hedge funds portfolio and upper bounds are also normally imposed to reduce concentration risk. We therefore introduce a non-negativity constraint and an upper bound on individual fund weights at 20%, following standard practice in this respect. When we repeated the previous analysis with the constraints in place, the out-of-sample results were in favor of the sample covariance matrix. Interestingly, this feature has also been observed by Jagannathan and Ma [2003] . Hence in the following we use the ordinary sample covariance matrix instead of the "cleaned" one for constrained optimization purposes.
PERFORMANCE ANALYSIS OF RANK ALPHA PORTFOLIOS
The simulation results can only give a rough idea of the average performance expected from minimum variance portfolios of hedge funds. Next we enhance the minimum variance portfolios by introducing a fund selection criterion based on the funds' alpha from each of the four factor models presented in the previous section. For a given factor model, we first select all the funds having positive alphas that are significant at 10%. We also examine a more restrictive selection criterion, which requires that all models rank the fund with positive alpha, and in at least three models the fund's alpha is significant at the 10% significance level. In each case, the portfolio weights are allocated so that the fund of funds has minimum variance.
In order to test the out-of-sample performance of these models we use the period January 1990 to December 1997 to calibrate the factor models and select the first set of funds. We keep the non-negativity and 20% upper bound constraints in place. The first minimum variance portfolios are set up in January 1998 and left unmanaged for the next six months. The portfolios are then rebalanced every six months, reselecting funds based on the sign and significance of the alphas estimated over the entire data sample available at the portfolio construction moment and the covariance matrices estimated over the previous 60 months. For reference, we compare these results with an equally weighted (EW) portfolio of all funds in our database.
The portfolios of hedge funds that employ the alpha selection criterion have a significantly improved out-ofsample performance. 9 The portfolio statistics are reported Draft in the columns labeled RAMV (Rank Alpha Minimum Variance) in Exhibit 6. All portfolios have average annual returns in the range of 8% to 9.5%, with an annual volatility of only 1.3% to 1.7%. Their evolution is very constant, with no more than three months (out of 66) having negative returns in any of the models. The lowest volatility is displayed by the PCA portfolio and this also has the highest average annual information ratio (6.91).
The highest returns are produced by the HFR factor model portfolio but given the higher volatility, the information ratio of this portfolio was the lowest (5.56). The null hypothesis of normally distributed out-of-sample returns cannot be rejected for any of these portfolios. We have also examined the out-of-sample performance of portfolios excluding funds of funds, as some institutional investors would prefer to invest solely in hedge funds in order to avoid paying two layers of fees. The information ratios of these portfolios were 5.11 for the base case model, 5.26 for the fundamental model, 5.58 for the HFR index model, and 5.69 for the PCA model. The skewness and excess kurtosis stay in the same range as for the portfolios including funds of funds. By contrast, the equally weighted portfolio has comparable returns to the rank alpha portfolios but much higher volatility (resulting in an information ratio of only 1.5, if funds of funds are included, and even lower than this if funds of funds are excluded) and its returns display significant excess kurtosis. Given the significant trading limitations for hedge funds portfolios we investigate the structural stability of these portfolios. The portfolio turnover is computed as the absolute difference in fund weights from one rebalancing period to the next. With 10 rebalancing points in our out-of-sample test, the maximum turnover is 20 (10 × 200%). The estimated turnover ranges from 4.9 (equivalent to 24% restructuring p.a.) for the PCA portfolio and the EW portfolio to 7.6 (equivalent to 38% restructuring) for the HFR portfolio. We note that even the base case portfolio produces good results and the more conservative "overall" approach, based on ranking alpha over all four models, generates average results. In summary, compared with the randomly selected funds portfolio results and the EW portfolio of all funds in the database, the factor models have provided valuable information for hedge fund selection.
For comparison, we also implement a maximum information ratio (MIR) optimization based on the alpha estimates from all four models and the sample covariance matrix, the fund selection being as before. The results are presented in the columns labeled MIR in Exhibit 6. Interestingly, the lack of accuracy of individual alpha estimates results in lower information ratios out-of-sample for these portfolios, compared with minimum variance portfolios, even though the objective of the optimization was to achieve the maximum in-sample information ratio. Additionally, the MIR portfolios are less stable so turnover costs are usually higher. Therefore, rather than optimizing on alpha estimates that we know have a high degree of model risk, we are better off just selecting funds based on alpha estimates and then optimizing solely on the covariance matrix.
CONCLUSIONS
Despite the modeling complexity caused by data biases, noisy correlation, inaccurate alphas, and institutional limitations to trading, there is no doubt that alternative investments continue to present attractive opportunities. Their popularity among institutional investors is increasing and the industry requires more academic studies on funds of hedge fund optimization. This article is one such study. Aiming to develop a fund selection and optimal allocation process for funds of hedge funds, we have analyzed the out-of-sample performance of portfolio construction models that target alpha through fund selection based on ranking alpha from factor models. To deal with data biases our database contains both dead and alive funds, we controlled for the instant history bias, and, to neutralize the effect of any selection, survivorship, and multi-period biases on our results, we reported performance on a relative basis, benchmarked against portfolios affected by the same biases.
Since most traditional portfolio construction models require an estimate of expected returns, we have used a number of factor models to estimate the funds' alphas. Despite significant disagreement on individual alpha estimates, the factor models largely agreed on the ranking of funds' alphas. Thus, while the uncertainty in alpha estimates impairs the efficiency of mean-variance optimal portfolios, we have found that the best model for portfolio optimization is based solely on the covariance matrix. The sample covariance matrix had a high element of randomness, but we found no benefit from imposing a factor structure on the correlation matrix, as the sampling errors are already significantly reduced through the weights constraining that is operationally necessary for funds of hedge funds.
When funds are selected by the rank of their alphas from any factor model and the portfolios are optimized to have minimum variance, the performance is superior to that of an equally weighted portfolio of all funds and to that of randomly selected minimum variance optimal Draft portfolios. Of the four factor models considered, all outof-sample performance measures favor the fund of hedge funds selected using alphas from the PCA factor model. Between January 1998 and May 2003 this had the highest average annual information ratio (6.91), the lowest turnover (24% p.a.), and its returns were also close to normally distributed. Also, for each of the four factor models considered here, the rank alpha minimum variance optimization produced better results than maximum information ratio optimization. We attribute this to the high degree of model risk arising from the factor model dependency of alpha estimates. To conclude, we have shown that, with some refinements, the traditional tools of portfolio management can still be applied to portfolios of hedge funds to achieve excellent results.
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1 Indic [2003] finds 4,589 funds reporting to at least one of the three most important datebase providers, TASS, HFR, and CISDM.
2 See for instance Black and Litterman [1992] , Pastor [2000] , and Baks et al. [2001] . 3 The strategy representation in our database is the following: Convertible Arbitrage (10 funds), Distressed Securities (17 funds), Emerging Markets (12 funds), Equity Hedge (53 funds), Equity Market Neutral (26 funds), Equity Non-Hedge (19 funds), Event-Driven (20 funds), Fixed Income (17 funds), Funds of Funds (52 funds), Market Timing (15 funds), Managed Futures (18 funds), Merger Arbitrage (4 funds), Sectors (19 funds). 4 With a few exceptions when the risk factors are not investable indices or portfolios (e.g., for volatility and price dispersion risk factors).
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Principal component analysis relies on the quality of the correlation matrix, so we must separate "true" correlation from noise or measurement errors. Especially for hedge fund returns, where the correlation matrix is typically computed on relatively small samples the measurement risk is large and separating real information from noise becomes essential. To this end, we use random matrix theory to compare the properties of the correlation matrix of all the funds in our sample-the empirical correlation matrix-with the properties of a correlation matrix of an identical number of mutually uncorrelated returns series, following a method proposed by Plerou et al. [2002] . Deviations of the empirical matrix from the properties of the random matrix reveal information about "true" correlation between hedge fund returns. We find that only the four largest empirical eigenvalues significantly exceed the range of the random ones and this result is robust to changes in sample periods. This suggests that the "true" correlation pattern can be captured with just the first four principal components and the variation in fund returns relating to the higher eigenvalues is uncorrelated noise. 6 Results available from the authors on request.
7 Potential multicollinearity problems were addressed by identifying any pairs of factors that were highly correlated over the sample and dropping the factor having lower correlation with the returns of the fund. 8 The alphas on individual funds are not independent, so single-sample mean t-tests are not appropriate to assess the significance of an average alpha over all the funds in a particular strategy type. Following Amenc and Martellini [2003a] we estimated the factor models on an "average fund" returns series for each strategy type. We then used the least squares standard error of the intercept to determine the statistical significance of the average alpha.
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We have also investigated the out-of-sample performance of portfolios based on the same alpha selection criterion but with allocations determined by the ordinal rank of the alpha. That is, the higher the alpha estimate, the greater the weight in the portfolio. Several ad hoc rank alpha allocation methods were considered. Such portfolios again outperformed the equally weighted portfolios, with information ratios typically between 2 and 4 depending on the factor model and the allocation rule. Also, given the stability in alpha ranks over time, turnover costs were often quite low. But in general their performance was inferior to that of portfolios where a simple "in-out" rank was used for fund selection and allocations were based on minimum variance. More detailed results are available from the authors on request.
